II. Preliminary results. Henceforth all Hubert spaces are over the complex numbers. If ^f is a Hubert space and F is a bounded operator on Jt then the smallest C*-algebra of operators containing F and 1 is denoted by s/(B). The full algebra of bounded operators on JP with the operator norm topology is called âS(J^) and the subalgebra of all compact operators on Jf is called Jfpf ) (or just Jf ). We let n denote the usual quotient map from S&Ltf) onto 3S(^c°)/c^. In this paper, all ideals are closed and two-sided. We write o(B) for the spectrum of F in @LW).
In portions of this paper, we will be concerned with the algebra C(X) of all complex-valued continuous functions on a compact Hausdorff space X with supremum norm. More particularly, let T be the unit circle and let A be the uniformly closed subalgebra of C(T) consisting of those </> in C(T) which are uniform limits of polynomials in the complex variable z. Further, let p be normalized Haar measure on F and let F2 denote the associated Hubert space of square-integrable functions on T. As usual, we let H2 denote the F2-closure of A. In the following sections we will be interested in the C*-algebras generated by Toeplitz operators [1] on H2 associated with functions <f> in C(T) by the relation T¿f=P(<f>f), where F is the orthogonal projection from F2 onto H2. We will also be concerned with the Laurent operators [1] on F2 associated with <f> in C(T) by the relation Mt,f=<f>f. It should be pointed out that in general [1] , [3] Further, the Toeplitz operator Tz is just the unilateral shift S on H2 since {zn | «=0, 1, 2,...} is a basis for H2.
We will deal in the following sections with certain irreducible C*-algebras and certain abelian C*-algebras. The two propositions below will be among the necessary working tools.
Proposition
1. Let si be an irreducible C*-algebra on JF and suppose si n Jf#(0). Then Jf<^si and Jf<^J for any nontrivial ideal J in si. If si is a C*-subalgebra of C(X) which contains the constants then a natural equivalence relation is given on A'by writing x~y if and only iff(x)=f(y) for all/ in si. Let Q be the quotient space X/ ~ and let q be the usual quotient map. To each fin si there corresponds a complex-valued function /on Q by the commutative diagram / X^->C Q We will consider two topologies on Q. The first (Q, tu) is the weak topology induced by all the/for/in si. The second is the usual quotient topology, (Q, q). It is not hard to see that (Q, q) is stronger than (Q, co). Whether (Q,q) and (Q, co) are equivalent will be left open.
2. The maximal ideal space of si is just (Q, to) and si is *-isomorphic to C(Q, co). A necessary and sufficient condition that (Q, q) and(Q, co) are equivalent is that (Q, q) be Hausdorff.
Proof. Since si is a closed symmetric subalgebra of C(X), every irreducible representation of si extends to an irreducible representation of C(X) [6, p. 305] . Since complex-homomorphisms of si are irreducible representations and the only irreducible representations of C(X) are point-evaluations at points of X, we see that every complex-homomorphism of si is a point-evaluation at a point of X. Now since x and y in X induce the sanie homomorphism on si if and only if x~y, it is clear that Q can be identified with the maximal ideal space of si. Under this identification, / is the Gelfand transform of / in si and so (Q, co) is the usual maximal ideal space with the weak topology. The mapping /->•/ is clearly a ""-isomorphism from si into C(Q, co). This mapping is also an isometry so the image si is a C*-subalgebra of C(Q, co). Since the/separate points of Q, the StoneWeierstrass theorem implies that si = C(Q, to).
If (Ô. l) and (Q, to) are to be equivalent then (Q, q) must be Hausdorff since (Q, to) is Hausdorff. But the map/->/is an isometric ""-isomorphism from si into C(Q, q) and if (Q, q) is Hausdorff the Stone-Weierstrass theorem again applies to
show that s3= C(Q, q). Hence (Q,q) = (Q, o>). D III. The algebra sé(Jz). We now focus on certain C*-algebras on H2. Since Tz is the unilateral shift on H2, we will be interested in stf(Jz) and its *-subalgebras. In this section we write Jf = Jf(H2) for the algebra of compact operators on H2. We begin with a "functional" characterization of ¿tf(Tz). Recall (cf. [1] ) that for T in C(T), T$ = T-. Also, if Y is in C(T) and <f> is in A, then T^T^T^,^. Proof. Clearly, if Y is in C(T) and e > 0 is arbitrary then there are polynomials a, /Sin A so that ¡T -a-j5|| <£. Since Ta and Tf are in¿/(F2) it follows that Fy is in jrf(Tz). Further, by Proposition 1 or directly as in [2] it is easily seen that Jf^j^(Tz).
Thus, we have 38<^s>/(Tz). To show the reverse inclusion, it suffices since Tz is in 38 to show that â? is a closed *-subalgebra of bounded operators. Proof. In C(T), c(cf>) = range </>. This fact and the isomorphism of Corollary (1.2) give the desired result. □
We are now in a position to classify the irreducible C*-subalgebras of si(Tz). First note that if a closed *-subalgebra 9 is to be irreducible then 9 is clearly nonabelian so 9 contains a nontrivial commutator (i.e. element of the form BD -DB). But si(Tz)/Jt is abelian so all commutators in si(Tz) are compact. Hence, 9 contains a nontrivial compact operator and it follows from Proposition 1 that cP<=-9. For any irreducible C*-subalgebra 9 of si(Tz), define 9' by 9' = {</> in C(T) : T0 is in 9}.
Theorem 2. 2' is a closed *-subalgebra of C(T).
Proof. If T1; T2 are in 9' then clearly AY1; Yx, and Vx + V2 are in 9'. Using Lemma 1 and the fact that Jf"c@, we also see that x¥xx¥2 is in 9'. Finally, it follows from the fact that ||r*|| = f¥\ that 9' is closed. □ In fact, the correspondence between irreducible C*-subalgebras of si(Tz) and C*-subalgebras of C(T) induced by the map 9-^9' is 1-1 and onto. Proof. This follows from Corollary (1.2). □
From now on, we will assume that 2 is an irreducible C*-subalgebra of s>/(Tz) and 1 is in 2.
Theorem 5. Let ~ be the equivalence relation on T induced by 2' and let (Q, o>) be the quotient space F/~ with the weak topology o/ §II. Then 2/$T is *-isomorphic to C(Q, co).
Proof. This follows from Theorem 4 and Proposition 2. □ Theorem 6. If 2=s/(T^ + K) for some fixed <f> and K, then 2' = {</. : xb in the C*-subalgebra of C(T) generated by </>}.
Proof. Since 2 is irreducible, Jf<=2 and so T", is in 2. Hence, <f> is in 2' and so 2' contains the C*-subalgebra of C(T) generated by <f> because of Theorem 2. Conversely, for any "polynomial" p(r,s) in two noncommuting indeterminates r, s, it follows from Lemma 1 that p(T" + K, T* + K*)-TM.ñ is in Jf. Hence, for B in stf(T", + K) there is a sequence of elements {</<"} in the C*-algebra generated by cf> and a sequence of compact operators Kn such that TK + Fn -> F. The proof of Theorem 1 then shows that there is a xb in the C*-algebra generated by <f> such that B=T,¡, + K' for K' in X. Since representation in the form Ty + K' is unique for elements of s/(Tz), we see that 2' is contained in the C*-algebra generated by <f>. □ Corollary (6.1). If2=si(T^ + K) then 2/Jf is *-isomorphic to C(range</>). Proof. If </> is in A and </> is 1-1 on F then by a result in [7] , Té is irreducible. Hence, by Corollary (6.2) si(T0)=s/(Tz).
Conversely, if si(T0)= si(Tz) then ci is 1-1 on F by Corollary (6.2). D
IV. Extension of Jf by C(T).
On the basis of the ideal theory developed in [2] and in the previous section, we can think of si(S) (or si(Tz)) as an extension of JT by C(T). In this section, I construct a different extension of Jf by C(T) and show that the new extension is not *-isomorphic to si(S). The construction is motivated by Theorem 1. Henceforth, we will deal with the Hubert space L2 described in §11 and Jf = Jf(L2). Since H2 and L2 have the same dimension, we can think of si(S) as represented on F2 by some spatial isomorphism.
Theorem 7. Let (P = {M4) + K: </>e C(T), K e Jf}. Then % is a C*-subalgebra of3ä(L2) and^/JT is *-isomorphic to C(T).
Proof. Immediate from [4, 1.8.4] . □ Theorem 7 combined with Proposition 1 shows that <€ is an irreducible C*-algebra with the same ideal theory as si(S). To show that si(S) and <P are not *-isomorphic we need some machinery from the theory of Fredholm operators [5] . It is not hard to describe the usual spaces of primitive ideals, irreducible representations and pure states of si(S). Denoting these spaces as usual [4, §3] by Prim (si(S)), si(ST, and P(si(S)), we note that since stf(S) is postliminaire, stf(Sy = Prim (stf(S)) [4,4.4.1 ] . Further, Prim (stf(S)) is the union of a circle and a point, the point being dense in the Jacobson topology. This is because {0} is primitive and by Proposition 1, any other primitive ideal contains ¿f and so corresponds to a maximal ideal in C(T). The relative topology on the circle part of Prim (stf(S)) is the usual one for F. Note also that for <6 as in §IV, <i = ?rim (^) = Prim (stf(S)) since <£ has the same ideal structure as stf(S). Similarly, it is not hard to see that P(stf(S)) consists of vector states of Jf extended to stf(S) [4, 2.11.8] and multiplicative states corresponding to the points of F. Again P(%) = P(sa(S)).
